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Abstract. For the domain R arising from the construction T, M, D, we relate 
the star class groups of R to those of T and D. More precisely, let T be an 
integral domain, M a nonzero maximal ideal of T, D a proper subring of k := 
T/M, ip : T — > k the natural projection, and let R = ip~ 1 (D). For each star 
operation * on R, we define the star operation * v on D, i.e., the "projection" 
of * under ip, and the star operation (*) on T, i.e., the "extension" of * to T. 
Then we show that, under a mild hypothesis on the group of units of T, if * is 
a star operation of finite type, then the sequence of canonical homomorphisms 
-> Cl*f {D) -> Cl*(R) -> Cl W T(r) -> is split exact. In particular, when 
* = t R , we deduce that the sequence -> Cl' B (£))—> Cl*R(il)-> C1 ( ' h) t (T) -> 
is split exact. The relation between (tij) T and (and between Cl^ R 'r (T) 
and Cl iT (T)) is also investigated. 



1. Introduction and background results 

The interest for constructing a general theory of the class group, extending the 
theory of the divisor class group of a Krull domain, was implicitly present already 
in the work by Claborn and Fossum (cf. Fossum's book |Fo) ) . One of the main 
objectives for this type of extension was to establish a general functorial theory by 
exploiting class-group-type techniques in a more general setting than that of Krull 
domains. An approach to this problem, using star operations, was initiated by D.F. 
Anderson in 1988 [A") , where he studied in a systematic way the star class group 
CI (R) of an integral domain R, equipped with a star operation *. The key point of 
this construction is that, when * is the identity operation d, CI (i?) coincides with 
the Picard group Pic(i?) (which is, in fact, the "classical" class group of the nonzero 
fractional ideals when R is a Dcdekind domain); when 7k- is the u-opcration on a 
Krull domain, C\ V (R) coincides with the "usual" divisor class group of R; when * 
is the t-operation, Cl*(i?), which is defined on arbitrary domain R, is commonly 
considered the best generalization of the "usual" divisor class group to the general 
setting (cf. the pioneering work in this area by Bouvier a nd Zaf rullah 0, 0, HZj 
and the recent excellent survey paper by D. F. Anderson |A"2) L 
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Since various divisibility properties are often reflected in group-theoretic prop- 
erties of the class groups, a particular interest was given in recent years to the 
computation of the i-class group where the functorial properties can be applied in 
a very effective way (for instance, cf. |A'A"Z| . [HaR] and [EI]). 

In case of the rings arising from pullback construction of various type (cf . [F] , 
[C]). the t-class group was extensively studied by several authors (cf. for instance 
[A^rT] . |FH] . [KhNeaj . |A"eBKa| . [£B], and \A"C,h\ ). 

It is well known that, even in the case of an embedding A C B of Krull domains, 
it is not possible in general to define a canonical homomorphism between the di- 
visor class groups C1(A) — > C\(B) (the condition (PDE), i.e., "pas d'eclatement" , 
was introduced in 1964 by Samuel [S] in order to characterize the existence of this 
canonical homomorphism). In case of star class groups, the technical difficulties for 
establishing functorial properties were surmounted by D. F. Anderson by introduc- 
ing the notion of compatibility between star operations. More precisely, let A be a 
subdomain of an integral domain B and let * A [respectively, * B ] be a star operation 
on A [respectively, on B], then * 4 and * B are compatible if (IB)*b = (I*aB)*b for 
each nonzero fractional ideal I of A. In this situation, the extension map I i— > IB 
induces a natural group homomorphism CI*- 4 (A) — > C\* B (B). Unfortunately, the 
compatibility condition is a sufficient but not a necessary condition for the existence 
of the natural homomorphism Cl* A (A) -> C\* B (B) [A^ page 823]. Mor eover, the 
identity operation d A on A is compatible with any star operation on B while it is 
very common that the i-operation, t A , [respectively, the ^-operation, v A ,] on A is 
not compatible with the i-operation, t B , [respectively, the ^-operation, v B ,\ on B. 

In the present paper we mainly consider the following situation: 

(□) T represents an integral domain, M a nonzero maximal ideal of T, k the 

residue Held T/M, D a proper subring of k and ip : T — > k the canonical projection. 

Let R := (p^ 1 (D) =: T x& D be the integral domain arising from the following 

pullback of canonical homomophisms: 

R — > D 
T k = T/M. 

It is easy to see that M = (R : T) is the conductor of the embedding l : R e — > T. 
In this situation, we will say that we are dealing with a pullback of type (□) and 
we will still denote by Lp the restriction <p\ R , giving rise to a canonical surjective 
homomorphism from R = ip^ 1 {D) onto D. 

Let L denote the field of quotients of D { and hence, L C k). If we assume, 
moreover, that L = k, then we will say that we are dealing with a pullback of type 
(□+). 

The main goal of this work is to establish functorial relations among the star 
class groups of R, D, and T, by using the theory that we have recently developed 
in |FPaj concerning the "lifting" and the "projection" of a star operation under a 
surjective homomorphism of integral domains, the "extension" of a star operation 
to its ovcrrings and the "glueing" of star operations in pullback diagrams of a 
rather general type. One of the principal results proven in this paper is that, given 
a pullback diagram of type and a star operation * of finite type on R, if * v 

denotes the "projection" of * onto D [respectively, (*) denotes the "extension" 
of * to T], under a mild hypothesis on the group of units of T, the sequence of 
canonical homomorphisms 

a**(D) Cl*(R) C1 ( * } t(T) -> 
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is split exact fTheorem I2.17|) . In particular, when * = tu, we deduce that the 
sequence 

— ► Gl tD {D) Cl ta (R) C\ {tR) T(T) — > 

is split exact. The relation between (t^) T and tx (and between Cv- tB ' T (T) and 
C1* T (T)) is also investigated. Among the applications of the main results of this 
paper, a characterization of when R is a Priifer *-multiplication domain is given. 



Let D be an integral domain with quotient field L. Let F(D) denote the set of 
all nonzero D-submodules of L and let F(D) be the set of all nonzero fractional 
ideals of D, i.e., all E £ F(D) such that there exists a nonzero d £ D with dE C D. 
Let f(D) be the set of all nonzero finitely generated E-submodulcs of L. Then, 
obviously f(D) C F(D) C ~F(D) . 

For each pair of fractional ideals E, F of D, we denote as usual by (E : l F) the 
fractional ideal of D given by {y £ L | yE C E}; in particular, for each fractional 
ideal I of £>, we set I~ x := (D : L I). 

We recall that a mapping * : F(D) — > F(D) , £7 i— > E*, is called a semistar 
operation on D if the following properties hold for all ^ x £ L, and E,F £ F(D): 

(*i) (zE)* = ^ : 

(* 2 ) E C E ^ E* C E* ; 

(* 3 ) E C E* and E* = (£*)* = : -E** 
(cf. for instance |UMT| . [HM2| . (MSuj, |M^[| . and |FH| l 

Example 1.1. (a) If * is a semistar operation on D such that D* = D , then the 
map (still denoted by) * : F(D) — > F(D) , J5 i— > E*, is called a siar operation 
on D . Recall (HI (32.1)] that a star operation * satisfies the properties (* 2 ) , (*3) 
for all E,F e F(D) ; moreover, for each ^ x £ L and for each E G F{D) , a 
star operation 7k- satisfies the following "stronger" version of (when restricted 
to F(D)): 

(★★i) (x£>)* = iD ; (xE)* = xE* . 

Conversely, if * : F(D) — > F(D) , E i— > E 1 *, is a star operation on D (i.e., if 
* satisfies the properties (**i), (*2) and (-*- 3 )), then 7k- can be extended trivially 
to a semistar operation on D, denoted by * e (or, sometimes, just by *), by setting 
E* c := L, when E £ F(D) \ F(D), and E* c := E*, when E e F(D). 

A semistar operation * on D such that D C £)* is called a proper semistar 
operation on D. 

(b) The identity semistar operation djj on D (simply denoted by d) is a trivial 
semistar (in fact, star) operation on D defined by E d ° := E for each E £ F(D) 
(do, when restricted to F(D), is a star operation on D). 

(c) For each E £ F(D), set E*f := U{F* | F C E, E £ /(E>)} . Then * y is 
also a semistar operation on D, which is called the semistar operation of finite type 
associated to -k . Obviously, F* = F f for each F £ f(D) ; moreover, if * is a star 
operation, then *, is also a star operation. If -*- = ★„ , then the semistar [respectively, 
the star] operation * is called a semistar [respectively, star] operation of finite type. 

Note that * f < i.e., E*f C E* for each E £ ~F(D). Thus, in particular, if 
E = E*, then E = E*f . Note also that * y = (^^ . 

More generally, if *i and * 2 are two semistar operations on D, we say that 
*i < *2 if E* 1 C E* 2 for each E £ F(D). In this situation, it is easy to see that 
(E* 1 )* 2 = E* 2 = (E* 2 )* 1 . 
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There are several examples of nontrivial semistar or star operations of finite 
type; the best known is probably the t-operation. Indeed, we start from the vd 
star operation on an integral domain D (simply denoted by v), which is defined by 

E v D ._ = (£> : L (D : L E)) 

for any E G F(D), and we set trj ■= (vD) f (or, simply, t - v.). 

(d) Let l : R e — > T be an embedding of integral domains with the same field of 
quotients K and let * be a semistar operation on R. Define * t : F(T) — > F(T) by 
setting 

E*- := E* for each E G F(T) (C F(R)) . 
Then, it is easy to verify (cf. also [FL1I Proposition 2.8]) that: 

(dl) If i is not the identity map, then * L is a semistar, possibly non-star, 
operation on T , even if * is a star operation on R (obviously, if l is the identity 
map, then * t = * and thus this phenomenon does not occur) . 

Note that when * is a star operation on R and (i? :k T) = (0), a fractional ideal 
E of T is not a fractional ideal of R, hence * t is not necessarily defined as a star 
operation on T. 

(d2) If * is of Gnitc type on R, then * t is also of finite type on T . 
(d3) If T := R* , then * t defines a star operation on T. 

(e) Let * be a semistar operation on the overring T of R. Define *' : F(R) — > 
F(R) by setting 

E*' := (ET)* for each E G F(R) . 

Then, we know |FLT1 Proposition 2.9, Corollary 2.10]: 
(el) -k L is a semistar operation on R. 

(e2) If-k := d,T, then (dr) 1 is a semistar operation of finite type on R, which is 
also denoted by *{t} (i- e -j it is the semistar operation on R defined by E*^ := ET 
for each E G F(R)). 

(e3) For each semistar operation * on T, (vf l ) t = 

(f ) Let A be a set of prime ideals of an integral domain D with quotient field 
L. The mapping E i-> where £* A := D{ED P FeA} for each E e ~F{D), 
defines a semistar operation on D . Note that *a (restricted to the nonzero fractional 
ideals of D) is a star operation on D if and only if D = f){Dp | P G A}. Moreover 
( |FHl Lemma 4.1] or (SD Theorem 1]): 

(fl) For each E G F(D) and for each P G A , ED P = E*^D P . 

(f2) The semistar operation *a is stable (with respect to the finite intersec- 
tions), i.e., for all E,F G F(D) , we have (E n F)* A = E* A n F* & . 

A semistar operation * on D is called spectral if there exists a subset A of 
Spec(D) such that * = *a ; in this case we say that 7k- is the spectral semistar 
operation associated with A . 

(g) Let * be a star operation on D. If E G F{D), we say that E is a -k-ideal if 
£7 = E*. We denote by F*(D) (respectively, /*(£>)) the set {£ G F(£>) | £ = E 1 *} 
(respectively, G F{D) \ E = F* where F G /(£>)}. Obviously, F d (D) = F(D) 
(respectively, f d (D) = f(D)) and the set F V (D) is called the set of divisor ial ideals 
of D. 

Set V{*) := Spcc*(D) := {P G Spec(D) P = P*} and M(*) := Max*(D) 
which is the (possibly empty) set of all the maximal elements of the set {/ proper 
ideal of D | I = I*}. Assume that each proper 7k— ideal of D is contained in some 
prime ideal of Spcc*(_D), then it is known that *-p(±-) is a star operation on D \A'\ 
Theorem 3]. In particular, for each star operation * on D which is not a field, 
M.(*j) is a nonempty subset of V{* f ) and it satisfies the property that each proper 
■k } -ideal of D is contained in some prime ideal of A4(* f ). Then * := *M{* ) i s a 
star operation of finite type and stable on D, which is called the stable operation 
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of finite type associated to *. It is easy to see that *. = * = (*), and * = -k-pu. y 
Note that [EH1 Corollary 3.9] 

★ = 5 4=> * is a stable star operation of finite type. 

Particularly interesting is the case in which * = v. Using the notation introduced 
by Wang Fanggui and R.L. McCasland |WM| . we will denote by wd (or, simply, 
w) the star operation v~d = to (simply, w := v = t; cf. also |HHj and [A'C) ). 

Note that if *i and * 2 are two star operations on D, then 

*i <* 2 & F* 2 (D) C F* 1 (73) . 

It is well known that for each star operation *, we have 5- < *, < * [A' CI Theorem 
2.3]. Thus, in particular, if E = E*, then E = E* = E*f . Moreover, note that 

f(D) = f (D) C F*(D) C F*t (D) . 

It is also known that if *i and * 2 are two star operations on D and 7k-! < * 2 , then 
(*i)f < (*2)/ an d *i < *2- In particular, for each star operation *, we have * < v 
[HI Theorem 34.1 (4)] and so *, < t and ★ < w. Thus we get 

F V (D) C F*(Z>) C F W (D) C jF(D) , 

F"(5) C F*(£>) , F*(£>) C F*/ (£>) , F W (D) C F*(F>) . 

(h) Let t : i? T be an embedding of integral domains with the same field of 
quotients K and let * be a semistar operation on R. It is not difficult to prove: 
* is stable on R * t is stable on T . 

(k) If {*a | A G A} is a family of semistar [respectively, star] operations on D, 
then Aa{*> | A G A} ( simply denoted by A*a ), defined by 

F A * A := H{£* A | A G A} , for each F G F(D) [respectively, E G , 
is a semistar [respectively, star] operation on D. Note that if at least one of the 
semistar operations in the family {*\ | A G A} is a star operation on D, then A*\ 
is still a star operation on D. 

Let * be a star operation on an integral domain D and let F G F(D). We say 
that F is -k-invertible if (FF _1 ) = D. In particular, when * = d [respectively, v , 
t , tu ] is the identity star operation [respectively, the ^-operation, the i-operation, 
the ^-operation ], we reobtain the classical notion of invertibility [respectively, v- 
invertibility, t -invertibility, w -invertibility ] of a fractional ideal. Recall that: 

Lemma 1.2. Let k, *i, * 2 be star operations on an integral domain D. Let Inv(F, 7k-) 
be the set of all -k-invertible fractional ideals of D and Inv(Z?) (instead o/Inv(7>, d) ) 
the set of all invertible fractional ideals of D. Then 

(1) D G Inv(A*)- 

(2) If* i < * 2 , then lav (D,*i) C Im/(D,-k 2 ). Ln particular, lnv(D) C Inv(D,*) C 
Inv(7>, k f ) C Inv(£>,*) and so Inv(D) C 1nv(D,w) C Inv(D,i) C Inv(D,u). 

(3) 7, J G Inv(7),*) i/ and oniy i/77 G Inv(Z),*). 

(4) 7/7 G hxv(D,*), then 7" 1 G Inv(£>,*). 

(5) 7/7 G Inv(L>,*), i/ien 7 11 G Inv(£>,*). 

Let 7k- be a star operation on D. Then F*(7>) is a commutative monoid under 
the *- multiplication defined by (7, 7) i— > (77)* for each 7, 7 G F*(D). If *i and 7k- 2 
are two star operations on D with *! < * 2 , th en w hile F* 2 (D) C F* 1 (D), F* 2 (D) 
is not a submonoid of F +1 (D) in general (see |A"I page 811]). However, there is a 
special submonoid of F*(D) which reverses the inclusion: 

Lemma 1.3. fD.F. Anderson |A"1 Proposition 3.3]). Let-k,-k\,*2 be star operations 
on an integral domain D and suppose that *i < * 2 . Let Inv*(7>) := {7 G Inv(T), *) | 
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/ = I*} be the set of all -k-invertible -k-ideals of D and let Inv(D) (instead of 
Ixw d (D)) be the set of all invertible fractional ideals of D. Then 

(1) Inv*(-D) is a submonoid of F*(D); moreover, it is an abelian group. 

(2) Inv* 1 (-D) is a subgroup of!irv* 2 (D) (in symbol, Inv* 1 ^) < Inv* 2 (D)). In 
particular, for each star operation * on D, Inv(D) < Inv*(.D) < Inv v (D), 
Inv(L>) < Inv*/(£>) < Inv*(D) and Inv(D) < Inv ; (L>) < Inv*/(D) < 
Inv*(D) . 

In |FPaj we considered the problem of "lifting a star operation" with respect to 
a surjective ring homomorphim between two integral domains. More precisely: 

Lemma 1.4. jFPal Corollary 2.4]. Let R be an integral domain with field of quo- 
tients K , M a prime ideal of R. Let D be the quotient- domain R/M and let 
if : R — > D be the canonical projection. Assume that ★ is a star operation on D. 
For each nonzero fractional ideal E of R, we set 

e* v ^n^-V- 1 ^)*)!^^ 1 ,!-^} 
= n{xt P - 1 (( x "m +M )) \xeK, ecxr}, 

where, if zE ^ M is the zero ideal of D, then we set ip~ x (i zE ^j M ) ^ = M. Then 
* v is a star operation on R. 

In |FPa) we also considered the problem of "projecting a star operation" with 
respect to a surjective homomorphism of integral domains, with particular emphasis 
on pullback constructions of a "special" kind. More precisely: 

Lemma 1.5. |FPal Propositions 2.6, 2.7, 2.9 and Theorem 2.12]. Let ip : R -> D 

be a surjective homomorphism of integral domains, let * be a star operation on R 
and let L be the quotient field of D. For each nonzero fractional ideal F of D, we 
set 

F*f := n [yp ((p' 1 (y- 1 ^))*) y G L , F C v d} . 

(1) * v is a star operation on D. 

Assume, now, that we are dealing with a pullback diagram of type (□). Then 

(2) F**> = p ((ip- 1 ^))*^ = (tp- 1 ^))* /M for each F G F{D). 

(3) (* v )<p = * for each star operation ★ on D. 

(4) * < {* v ) v for each star operation * on R. 

2. Main results 

Lemma 2.1. Assume that we are dealing with a pullback diagram of type 
Let * be a star operation on R and let * v be the star operation on D defined in 
Lemma \l.5\ Then the map ct(ip, *) ( or, simply, a. ): Inv(D, * v ) — > Inv(i?, *), defined 
by J ^ V~ l (J), is injective with Im(a) = {/ G Inv(i?, *) M C I C I VR C T}. 
Moreover, if we use the same notation a = a(ip, *) for the restriction of the map 
a to the subset Inv*^(_D), then a : Inv*' p (_D) — > Inv*(i?) is still injective with 
Im(a) = {I e lnv*(R) MC/C /"* C T}. 

Proof. Recall first that the map J i— > <p~ l {J) establishes a 1-1 correspondence 
between F(D) and the set {H G F(R) | M C H C H VR C T} jEHl Corollary 1.9]. 
Let J G F(D). Then by applying Lemma H~5l (2), we have J** = ((p~ l (J)] )*/M. 
Therefore, 

j = r* o p-\j) = (<p-\j)Y , 
{jj-^^d (p- 1 (jj- 1 ))* = r. 
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By |Fni Proposition 1.6 and Proposition 1.8 (a)], ^(JJ- 1 ) = ip~ 1 { J)(p~ l ( J" 1 ) = 
<p- x {J) (tp-^J))' 1 . Therefore, 

(JJ- 1 )** =D & (ip- 1 (J) (^(J))- 1 )* =R. □ 

Let Prin(Z?) be the subgroup of Inv*(D) of all the nonzero fractional principal 
ideals of D. We recall that the quotient group 

CT(D) := 

V ; Prin(D) 

is called the class group of an integral domain D with respect to a star operation ★ 
on D. 

If * = d is the identity star operation on D, then C\ d (D) is denoted by Pic(Z?) 
and it is called the Picard group of an integral domain D. 

Lemma 2.2. Let *i,*2 be star operations on an integral domain D and suppose 
that *! < *2- Then Cl* 1 (£') is a subgroup of CI* 2 (D). In particular, for each star 
operation * on D, Pic(L>) < Cl*(D) < CV(D), Pic(L>) < CI*/ (D) < Cl'(£») and 
Pic(D) < C1*(Z>) < C1*/(D) < Cl*(D). 

Proof. Easy consequence of Lemma 11.31 □ 

Remark 2.3. Note that the previous statement can be strengthen, since Anderson- 
Cook (in | A' CI Theorem 2.18]) proved that for any star operation * on an integral 
domain D, Inv*(D) = Inv*/ (£>), and thus C1*(D) = CI*/ (£>). 

Lemma 2.4. Assume that we are dealing with a pullback diagram of type 
Then the following statements are equivalent: 

(1) the canonical map (p : U{T) — > k m /U(D), u \— * tp(u)L((D), is a surjective 
group homomorphism, where k* is the multiplicative group of the nonzero 
elements of the field k and U{T) (respectively, U(D)) is the group of units 
of T (respectively, D); 

(2) for each nonzero element x £ k, ip~ 1 (xD) is a fractional principal ideal of 
R; 

(3) the map a(<p,*) (or, simply, a) : C\**{D) -» C\*{R), [J] i-> [(^(J)] (= 
[a(J)], where a is defined in Lemma \2.1\) . is a well-defined group homo- 
morphism for any star operation * on R. 

Proof. (1) <S> (2) <= (3) see jFUI Theorem 2.3 (i)^(ii)^(iv)]. The direction (2) => 
(3) is a consequence of Lemma 12. II □ 

Remark 2.5. General examples for which the map dp : U(T) — > k' /U(D) is sur- 
jective are provided in |FCI Proposition 2.9]. 

The next theorem provides a generalization of the result by D. F. Anderson [A" I 
Proposition 5.5]: 

Theorem 2.6. Assume that we are dealing with a pullback diagram of type (□). 
//, moreover, T is quasilocal, then the canonical map a (— a(<p,*)) : C1* V (D) — > 
Cl*(i?) is an isomorphism for any star operation * on R. 

Proof. We adapt the argument used in the proof of |A"I Proposition 5.5]. We 
first show that Cl*(i?) = when D is a proper subfield of k. In this case, R is 
quasilocal, since R and T have the same prime spectrum [A/iD]. Let / e Inv*(i?). 
As M = (R : T) is a divisorial ideal of R, if C M, then (I/- 1 )* C M* = M, 
a contradiction. Then, necessarily, II^ 1 = R; thus / is invertible in the quasilocal 
domain R, and hence I is principal. Thus Cl*(f?) = 0. 
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Without loss of generality, we may assume that D is a proper subring of k with 
quotient field k, i.e., that we are dealing with a pullback diagram of type In 
this situation, the map a: C1* V (D) — > C\*(R) is a homomorphism, because when 
T is quasilocal, the condition (1) of Lemma \'l . 41 holds |FCI Proposition 2.9]. 

Let J S Inv* v (D) such that ( f o~ 1 (J) is principal in R, say <p~ 1 (J) = xR for 
some nonzero i£T. Then J = xR/M = tp(x)D is principal in D. Therefore a is 
injective. 

Conversely, let / S Inv*(i?). Then, necessarily, // _1 % M, and hence II~ 1 T = 
T, i.e., IT is invertiblc in T. Since T = Rm is quasilocal |FCI Corollary 0.5], 
IT = IRm is principal, say IT = iRm for some is/. Set /i := i -1 /. Then, 
obviously, / x S Inv*(i?) and i? C / C / = /jT. To prove that ^(/i) = /i/A/ 
belongs to Inv*'^/)), it suffices to show that (I\) v C T by Lemma 12.11 because 
i/?" 1 ((^(/i)) = h. Suppose that (h) v = T, then /f 1 = (R : T) = M. So i? = 
(/i/f 1 )* = (I]M)* C (TM)* = M* = M, a contradiction. Thus, necessarily, we 
have (h) v C T. Therefore [/] = [i^ 1 /] = [h] = [^(h/M)] = a{[h/M}). Hence 
a is also surjective and thus we conclude that a is an isomorphism. □ 

Corollary 2.7. Assume that we are dealing with a pullback diagram of type (□). 
If, moreover, T is quasilocal, then we have the following canonical isomorphisms: 

Pic(D) SS Pic(/?) , CI* (£>) S CI* (R) , Cl w (D) = Cl w (R) , Cr(D) = CF (i?) . 

Proo/. Since (d R ) v = d D , (t R ) v = t D , (w R ) v = w D and (v R ) v = v D (|FPal 
Proposition 3.3, Proposition 3.7, Corollary 3.10, and Corollary 2.13]), the conclusion 
follows from the above theorem. The third isomorphism also follows from the second 
one by Remark 12.31 □ 

Corollary 2.8. Assume that we are dealing with a pullback diagram of type (□). 
Let T be quasilocal. Then 

(1) The canonical homomorphism ot(ip,-k v ) : Cl*(D) — ► CP (R) is an isomor- 
phism for any star operation * on D. 

(2) Cl*(R) = Cl^ V (R) for any star operation * on R. 

Proof. (1) Set * := **\ Then * v = (*<<% = * by Lemma Q (3). The conclusion 
follows immediately from Theorem 12. (il 

(2) Recall that * < and {{* v ) v ) v = * v by LemmalQl(3) and (4). Then, 

if we apply Theorem l2.6l to both the star operations {* v ) v and * on R, we have the 
following chain of canonical isomorphisms: 

Cl ( *^ (R) Si C\ {( *^^(D) = C\**{D) s C\*{R). 

Since these isomorphisms are canonical and Cl*(i?) is a subgroup of C\^*^ V (R) 
(Lemma EH, we easily conclude that Cl ( *^(i?) = C1*(R). □ 

Remark 2.9. (1) We present an example of a pullback diagram of type in 
which T is quasilocal and * < (with Cl*(R) = C\ { ** V {R) by Corollary EH 

(2)). Let D be an integral domain in which each nonzero ideal is divisorial (e.g., 
a Dedekind domain) and let k be the quotient field of D. Set T := k[X 2 , X 3 ]q, 
where Q := X 2 k[X], and M := QT. Let ip and R be as in (□+). Then {{d R ) v )v = 
{dD) v = {vd) v = vr |FPal Proposition 3.3 and Corollary 2.13]. Meanwhile, since 
T VR = (R:(R: T)) = (R : M) D k[X] but T 2 k[X], d R ^v R = {{d R ) v y. 

(2) We give an example to show that the quasilocal hypothesis is essential in 
Corollary 12.81 (2). Let D be an integral domain in which each nonzero ideal is 
divisorial and let k be the quotient field of D. Let B be the polynomial ring 
^[{Xi}^] and let T be the subring of B generated over k by the products XiXj 
for all pairs i,j > 1. Then it is known that T is a Krull domain |Fol Example 
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1.10]. Let N := (1 + X t , X 2 , X 3 , ■ ■ ■ )B and let M := N n T. Since k C T/M C 
^ fc, T/M = ft and T = k + M . Let and i? be as in (□+). Then 
((dR) v ) v = (d D ) v = (v D ) v = v R [FPal Proposition 3.3 and Corollary 2.13]. Let 
Q := X\B n T and note that X\B N) is a prime ideal of height one in the 
Krull domain B. Since B is integral over the integrally closed domain T, Q is a 
prime ideal of height one in T. Note that Q % M, because Xf £ Q \ N. Since 
R = D + M,T = R D \{ }, thus Q = qT, where q := Q n R and q % M. Since Q is 
a prime ideal of height one in the Krull domain, Q is a tx~ invertible t^-ideal of T, 
thus q is a i^-invertiblc i^-ideal of R by jA^Chl Lemma 3.1 and Theorem 2.2 (6)]. 
Moreover, since Q is not finitely generated as an ideal of T |Fol Example 1.10], q 
is not finitely generated as an ideal of R and hence it is not invertible. Therefore 
Pic(i?) = G\ dR (R) C Cl tR (i?) C C\ VR (R), thus Cl dR (R) ^ Cl VR (R) = Cl {{dR)v,)V (R). 

This example also shows that the quasilocal hypothesis is essential in Corollary 
1231(1): Choose D to be a PID. Then C\ d ° (D) = Pic(D) = 0, but since Cl dR {R) C 
Cl VR {R) = Cl {dDr (R), we have Cl (do) "(i?) ^ 0. 

The next goal is to give a complete description of Cl*(i?) by means of C1* ¥ '(D) 
and of an "appropriate star class group" of T. For this purpose, recall that, in 
|FPa| . we also considered the problem of "extending a star operation" defined on 
an integral domain R to some overring T of R. 

We need the following notation. Let * be a star operation on an integral domain 
R and let T be an overring of R such that (R : T) ^ 0. Then, for each E £ F(T) (C 
F{R)), we set 

E (*) T .- E* (1 (T : (T : E)) = E* n E VT . 

Lemma 2.10. Assume that we are dealing with a pullback diagram of type 
Let l : R T be the canonical embedding and let * be a star operation on R. 

(1) (*) T is a star operation on T with (*) T = # t A vt- 

(2) If * is a star operation of finite type on R, then (*) T coincides with * t 
( restricted to the fractional ideals of T) and it is a star operation of finite 
type on T . 

(3) If *i,*2 ar e two star operations on R, then 

*1 < *2 (*l) T < (*2) T ■ 

(4) 

(5) (*) T = wT. 

Proof. (1) follows from |FPal Example 1.2 and 1.5(a)] and the observation that 
y(*)r = T* fl T VT = T* n T = T . 

For (2), we need the following: 

Claim 1. T is a tR-ideal of R. 

Choose a nonzero r £ M, then obviously rT is an integral tx-ideal of T and 
rT C M C R. Since T is E-flat, rT = rTDR is a t R Adea\ of i? by jEHl Proposition 
0.7 (a)]. Therefore, T = r' 1 ■ rT is a t R -ideal of JJ. 

By using Claim 1, we can complete the proof of (2). As a matter of fact, if * is a 
star operation of finite type on R, then * < tn, thus the map E i— ► i?* 1 := -E 1 *, for 
each £ G F(T) (C F(i?)), defines a star operation on T (since T CT* C T tR = T). 
In particular, * t < vt, and so (*) T = * t (being * t restricted to the fractional ideals 
of T). Finally, it is straightforward that if * is a star operation of finite type on 
i?, then *, (= (*) T ) is of finite type on T (cf. also for instance |FPal Example 1.2 
(b)])- ^ 

(3) is a straightforward consequence of the definition. 

(4) follows from (3) and (2) since (* f ) T is a star operation of finite type on T. 
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(5) Note that (*) T is a star operation of finite type and (*) T = (*) t (by (2)). 
Moreover, (*) t is stable, since * is stable. Therefore (*) T = (*) T , and hence we 

conclude by (3) that (*) T < (*) r . 

Claim 2. For each star operation * on R, M = M*f = M*. 

It follows from the fact that M = (P : T) is a divisorial ideal of R. 

Claim 3. Max'*/' 7, (T) coincides with the set of maximal elements of {PT \ P G 
Spec*/(P), PT^T}. 

Since T is P-flat |FGI Lemma 0.3], each ideal of T is extended from R. In 
particular, each prime ideal Q of T is equal to (Q n P)T. Note that Max ( */ )T (T) C 
{PT | P G Spec*/ (P) , PT / T}. Indeed, let Q G Max ( */^ (T) and let P := QnP. 
Then P C P*/ C Q*/ = Q ( *A = Q, hence P C P*/ C Q n P = P. 

Now let PT be a maximal element in the set {PT | P G Spec*/ (P) , PT / T}. 
Suppose (PT) ( *A = T. Then 1 G (PT) ( *A = (PT)*/, i.e., 1 G P* for some 
P G f(R) such that P C PT. Let m G M \ {0}. Then m G mP* = (raP)* C 
(mPT)*/ C (PP)*f = P*f = P. Thus we have M C P. Since PT ^ T, M <£ P, 
and hence M = P. Then T = (PT) ( *A = M ( *A = Af*/ = M (Claim 2), a 
contradiction. Therefore, (PT) ( *A ^ T. 

Let Q' G Max ( *A(T) such that (PT) ( */ )r C Q' . Then by the above argument, 
Q' n P G Spec*/ (P). Since PT C Q' = (Q' n P)T, PT = Q' by the maximality of 
PT. Thus we have PT C (PT) ( */^ CQ' = PT and so PT G Max ( *A (T). 

Claim 4. Max ( *A (T) = Max (( *^ } / (T). 

Let Q G Max (( * )r) / (T) and let P := Q n R. Then P C P*f C Q*f = Q ( *A C 
q((*) t ) / = q ( by ( 4 )) 5 and nence pcP*/ C Q n P = P. Thus we have 
Max"* 5 * / (T) C {PT | P G Spec*/ (P) , PT ^ T}. 

Now let PT be a maximal element in the set {PT | P G Spec*/ (P) , PT / T}. 
Suppose (PT) (( * W / = T. Then 1 G (PT)"*^'/, i.e., 1 g G w t for some G G f(T) 
such that G C PT. We may assume that G = JT for some J G /(P) such that J C 
P. Let m G M \ {0}. Then m G mG'*t = (mG) ( *^ = (mJT)Wr c (mJT)*' = 
(mJT)* C (JP)* = J* C P*/ = P. Thus we have M C P. Since PT ^ T, M £ P, 
and hence M = P. Then T = (PT) (( * )r) / = M (Wr) / C AfMr C M*' = M* = M 
(Claim 2), a contradiction. Therefore, (PT) (( *W/ ^ p. 

Let Q' G Max (( * ) ^ ) /(T) such that (PT) (( *H C Q'. Then since PT C Q' = 
(Q' n R)T and since we have already proved that Q' n P G Spec*/ (P), we conclude 
that PT = Q' by the maximality of PT. Thus PT C (PT)H), CQ' = PT and 
so PT G Max (( * ) ^ ) /(T). 

Claim 5. (a) Por each prime ideai P of R such that P 2 M,Rp = TR P = T PT ; 
(b) for each prime ideal P of R such that P D M, Rp C P M = Tn/, arid moreover, 
TRp = Ta/. 

The statement (a) and the first part of (b) are well known [0 Theorem 1.4 and 
its proof]. Since TRp C Tm for each P G Spec(P) with P 3 M, to prove the 
equality, it suffices to show that if a prime ideal Q' of T is such that Q'flJJCP. 
then Q' is contained in M. Suppose not, i.e., Q' % M, then Q' n P $Z M. Choose 
a G (Q'ni?)\ M. Then M + aT = T, so 1 = m + at for some m G M, t G T. Then 
1 - m = at G aT n P C Q' n P C P. Since m G M C P, 1 G P, a contradiction. 

Claim 6. Max ( *A (T) = {PT | P G Max*/ (P) , P ^ M} U {M} . 

Note that, the condition PT ^ T (or, equivalently, PT G Spec(T)) implies that 
P 75 M, since M is a maximal ideal in T. Moreover, by Claim 2, M belongs to 
Spec*/ (P), thus MT = M belongs, in any case, to Max ( */' T (T) by Claim 3. 
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Recall that, by the properties of the prime ideals in a pullback of type (p + ), it fol- 
lows that the canonical map Spec(T) — > Spec(P) is an order preserving embedding, 
and if Q G Spec(T) and QnR C P for some P G Spcc(P) with P D M, then Q C M 
(see also the proof of Claim 5). By the previous ordering properties and Claim 3, 
we easily conclude that {PT \ P € Max*/ (R) , P 2 M} U {M} = Max ( */^ (T). 

Claim 7. (^ = 

Note that, by Claim 4, = = (*) T . Now we want to show that 

(*/)t = (*)t- 

Set P* i := {P G Spec*/ (P) | P 2 M} and P^ := e Spec*/ (P) | P D M}. If 
we let Vq be the set of maximal elements in the set P/ , then {PT \ P G P ' } = 
{Q G Max ( *A (T) | Q ^ M} by Claim 6. 

Let E G F(T), then by using Claim 5 and 6, we have 

E {*) T = E (*) t = E * = ( ET y = n { E TR p | p e Spec*/ (P)} 
0{ETRp | P G P*' }) n (n{ETR P \ P G P^ }) 

n{PTP P I p g V* ' }J n pt m 

= n{PT PT I P G Max*/ (P) , P 2 M} n PT A/ 
= n{PT Q I g G Max ( *A(T)} 

= E C *A . □ 

Remark 2.11. (1) We were not able to prove or disprove the equality in the 
statement (4) of Lemma 12. 101 However (* f ) T — ((*) T ) for the case * = vp, which 
is the most important star operation of nonfinite type. More precisely, in the 
situation of Lemma \2.1CA we have 

(*r)t = (Oh)/)t = {{ v R) T ) f ■ 
Since (tp) T < ({vp) T ) f and both terms are star operations of finite type (Lemma 

EH3(2)), it suffices to show that H^ R ^ D H^ Vr) t for all nonzero finitely generated 
integral ideals H of T. Let H be a nonzero finitely generated integral ideal of T. 
Then H = IT for some finitely generated ideal / of P. 

If IT M is not principal, then I VR = I VR T by |UaHl Proposition 2.7(lb)]. There- 
fore, P>«>r c = (IT) VR = (I V RT) VR = I VR = I tR C H tR = = 

Now assume that IT M is principal. Then H VT C (HT M f T M = {IT M ) l ' T " = 
ITm- Let R(M) be the CPI-extcnsion of P with respect to M, i.e., R(M) is defined 
by the following pullback diagram |BS |: 

P(M):=(^- 1 (D) — ► D 

I t I 

T M fc = T M /MT M - 

Then by jEHl Lemma 1.3],_P = P(M) n T. Note first that TR(M) = T M , because 
TR(M) = D{TR{M) N | N G Max (P(M))} = r^PP^ | N G Max(P) such that 
N D M} = T M by Claim 5 (b) in the proof of Lemma |2~TU1 Now by Theo- 
rem 2(4)], H^t = H tR D (HR(M)) tRlM> n (HT) tT = {ITR{M)) tR{M) (~1 H VT = 
{IT M ) tn(M) n H VT D IT M n H VT = H VT D H^ VR ^ . 

(2) As another special case, we have the following positive result. Consider 
a pullback diagram of type (0 + ), let *' be a star operation on D and *" a star 
operation on T. Set o:= *' v A We know that o is a star operation on R |FPal 
Corollary 2.5]. If ((*' ¥> ) r ) / = {{*' v ) f ) T (e.g. this hypothesis is satisfied in each one 
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of the following cases: (a) *' = Vu, (b) (*' f ) v is a star operation of finite type on 
R, (c) T is a Priifer domain), then (o ) T = ((o) T ),. 

Claim 1. If *i and * 2 are two semistar operations on an integral domain R, 
then (*i A * 2 ) f = (*i) f A (* 2 ) f ■ 

This is an easy consequence of the fact that "(J distributes over fl" . 

Claim 2. Let i : R '—t T be an embedding of an integral domain R in one of its 
overrings T and let * be a semistar operation on T. Then, in R, (*'), = and 
in T,*= (Example 1.1 (e3)). 

Let E £ F(R) and let G G f(T) be contained in ET. Then G := (xih,x 2 t 2 , 
x n t n )T for some n > 1, {jci, X2, . . . , x n } C £7, and {ti, i2, . . . , i n } C T. Thus 
G C HT, where # := (xi,x 2 , ■ ■ .,ar„)E G /(i?) (and # C E). Therefore 

E { * L) f = U{F*' | F G /(i?) , FC£} 

= U{(FT)*|Fe/(ii),FC£} 

= U{G* | G G /(T) , G C ET} 

= (ET)*f = E { *J r . 

Claim 3. Let i : R '—t T be an embedding of an integral domain R in one of its 
overrings T and let *i and * 2 be two semistar operations on R. Then (*i A * 2 ) L = 

(*i) t A (* 2 ) 4 ■ 

This is an obvious consequence of the definitions. 

Claim 4. Let i : R T be an embedding of an integral domain R in one of 
its overrings T and let * be a semistar operation on R. Then (*,) t is a semistar 
operation of hnite type on T . 

For each E e F(T), we have 

= E*t = U{F* | F 6 f(R) , F C E} 

= U{ U{F* | F G /(i?) ,FCG} | G G / (T) , GCJJ} 

= U{G*/ | G e /(T) ,GC£} 

= U{G ( */ )l | G G /(T), G C £■} 

= 

Claim 5. In a pullback diagram of type (□), Jet * be a star operation on D. 
Then (* V ) L = (vr) l (when restricted to F(T) ), and hence (* V ) T = (vr) t . Moreover, 
in a pullback diagram of type ((**%), = (tn) T by (1). 

Let I be a nonzero integral ideal of T. Note that 

x G {R : I) => xIT = xICR => xl C (R : T) = M IC x~ x M ). 
Therefore we have 

= F*=n {x~ V 1 ((^7 M )' t ) I * e (R : 7) , x + 0} 
= n (aT^M | x G (fl : I) , x ^ 0} = = . 

Note that T(**)< = T^*)' = T VR , thus (★^) t (when restricted to F(T)) is a star 
operation on T if and only if T = T VR . 

Now we use the previous claims to prove the statement. By applying Claim 2, 
3, and 5, we have 

(o) = o t Av T = {* ,ip A/'), Av T 

= A (*" 4 ) t A vt ~ (*'^) t A *" A u T 

= A ★" = (ur), A *" or equivalently, 

= (^) T A*" = M T A/. 

Therefore, by Claim 1 and (1), we have 
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On the other hand, by Lemma \'2.1 Of 1), Claim 1, 2 and 3, we have 

(o f ) T = (*A = ((OA a = ((*"),)* a ((*;')'). 

It is obvious now that, if ((-k >tp ) T ) f = ((*'*'), ) T , then («y) T = ({o) T ) f - 
Finally, we check the parenthetical statement. 

Assume that *' = vd, then we know that (vd) v = vr |FPal Corollary 2.13]. 
Therefore ((*' v ) f ) T = (ii?) T and so ((*' ¥ ') / ) r coincides with {{*' v ) T ) f = {{vn) T ) f by 
(I)- 

Assume that (*' f ) lp is a star operation of finite type. Note that, from the fact that 
{*' f ) v < *' v and from the assumption, it follows that (*' f ) v < (~ k ' ip ) } - Therefore, by 
|FPal Proposition 2.9, Theorem 2.12 and Proposition 3.6(b)], we have 

thus (*' f ) v = (*' v ) r In this situation, by Claim 5, we have (tR) L < (vr) l = 
((*' f ) v \ = < Therefore, (t R ) L = ((*T) t = {(*"") f ) t = (v R \ = 

((vn)i) f and so, in particular, {t R ) T = ((*p v ) T = {(* ><P ) f ) T = («i?) T ■ On the other 
hand, by Claim 5, we know that ((* ,<p ) T ) f = {{vii) T ) f = (ifl) T • 

Assume that T a Priifcr domain, then clearly T has a unique star operation of 
finite type, since oIt — ir- In this situation, obviously cLt = ((*' V )/) T = {tR) T = tr, 
and from Claim 5, we have ((*' v ) T ) f = (£r) t - 

(3) Under the assumptions of Lemma 12.101 as a consequence of Claim 3 and 
6 in its proof, we have that Max*-'^ (T) coincides with the set of the maximal 
elements of {PT G Spec(T) | P G Spcc* H (P)} (which is equal to the set {PT \ P G 
Max tfl (P) , P ^ M} U {M}). 

We can give a little different proof of this result under the additional assumption 
that the map tp : U{T) -> k*/U(D) is surjective. Let Q G Max ( * fi) r (T) and let 
P := QllR. Then Q = PT and Q = Q^V = Q tR . Therefore P C P*« C 
Q* R n P = Q n P = P and so Max (fs) T (T) C {PT £ Spec(T) | P G Spec* R (P)}. 

Conversely, let Q := PT be a maximal element of the set {PT G Spec(T) | P G 
Spec' H (P)}. Assume that P = M, then since M = MT is a maximal ideal of T 
and M = M*«, M is also a (i H ) T -ideal of T, thus M = MT e Max (tH ^(T). 
Assume that P ^ M. The n P g M by the maximality of Q = PT. Now, 
if S := W(T) n P, then by |A"Chl Theorem 2.2 (5) and Lemma 3.1] we have 
(PT) tT = (PR s ) tT = P tR R s = PRs = PT. Since Q = PT G Spcc* T (T), 
Q G Spec^(T). 

Lemma 2.12. Assume that we are dealing with a pullback diagram of type (D + ). 
Let * be a star operation of finite type on R and let (*) T be the star operation on T 
defined just before Lemma \2.1(A 

(1) If H E Inv*(P), then HT G Inv ( *^(T). 

(2) The canonical map /%,*) (or, simply, (3): Inv*(P) -> Inv ( *^(T), P 
PT, is a group-homomorphism. 

(3) T/ie map /3 ; defined in (2), induces a group-homomorphism f3(tp,*) (or, 
simply, ]3) : CT(P) -► Cl ( * ) r(T), [P] i-> [PT]. 

Proof. (1) Note that if P is a *-invertible *-ideal of P and * = *,, then P is a 
iij-invertible t^-ideal of P (Xemma 11.31 (2)). Moreover, T is a flat overring of P 
|FC1 Lemma 0.3], and hence PT is a ir-invertible ty-ideal of T |FCI Proposition 
0.7 (b)]. We know by Lemma [2.101 (2) that (*) T is a star operation of finite-type 
on T, so (*) T < tx, and hence HT is a (*) T -ideal of T. Now, we show that HT is 



14 MARCO FONTANA MI HEE PARK 

also (*) r -invertible: 

(HT(HT)- 1 )^ = (HT(HT)- 1 )* n (HT(HT)~ 1 ) VT = {HT(HT)~ 1 )* n T 
D (HH- 1 T)*nT=((HH- 1 )*T)*nT 
= {RT)* DT = T* DT = T , 

thus 1 G (HTiHT)- 1 )^ and so T = (PT(PT) _1 )Hr . 

(2) is an obvious consequence of (1) and (3) follows from (2). □ 

Theorem 2.13. Assume that we are dealing with a pullback diagram of type 
Suppose that the map (p : U{T) — > k*/U(D) is surjective and that * is a star 
operation of finite type on R. Then (3 := (3(tp, *) : Cl*(i?) — > CP t (T) is surjective. 

Proof. Let J be an integral (* ) T -invcrtiblc (*) T -ideal of T. Then J = (PT)W T = 
(JT)' T for some finitely generated integral ideal / of R ( \A"\ Proposition 3.1 and 
Proposition 3.2] and |FGI Lemma 0.3]). 

Claim 1. Without loss of generality, we may assume that I % M . 

Suppose that II^ 1 C M. Then 

(jj-i)Wt = ( (/T )(*) T ((JTjM*-) -1 )^ 

= ((jr)(jr)- 1 ) { * )T 

= (II-1T) { * )T 

which contradicts that J is (*)r-invertible. Thus. II^ 1 % M and so we can choose 
x G I- 1 such that xl % M. Set V := xl and J' := xJ. Then V % M and 
J' = (I'T)(*) r . Since the classes [J] and [J'] in Cl ( *^ (T) are the same, we can 
replace J by J' and / by P. 

Set S := U{T) n P (as in Remar kjgg)) and AT := { x G P | ^(z) G W(Z>)}. 
Then T = R s andS_N = R\M [A" Chi Lemma 3.1]. Since we may assume 
that I £ M, by |A"Chl Theorem 2.2 (2)] we have P R = ((S 1 )(N 1 )) tR for some 
nonempty finite subsets Si of S and N\ of N. Again by |A"Chl Theorem 2.2], J = 
{IT) tT = I tR T = ((£i)(JVi))*«T = ((S 1 )(N 1 )T) tT = ((iVi)T) tr = (N^T, and 
hence JJ -1 = [(N 1 ) tR T){{{N 1 )T) tT )- 1 = ((A r i) tn T)((A r i)T) _1 = (Ni) tR (Ni)~ 1 T. 

Claim 2. If * = *, then [3 is surjective. 

Let P' G Spec*(P) such that M % P' . Then there exists a unique prime ideal 
Q' of T such that Q' n R = P' and P P / = T Q > fFJ Theorem 1.4, point (c) of 
the proof]. Since T = (JJ" 1 )^ = (JJ -1 )*' = ^{JJ^Rp | P G Max*(P)} = 
niJJ^Rp | P G Spcc*(P)} C JJ~ l R P , = JJ^Tq,, J J- 1 % Q', and hence 
(iVi)*"^)- 1 £ P'. 

Now let P" G Spec*(P) such that M C P". Then P" C\ N = 0, because if 
x G P" fl AT, then p(a;) G P"/A/ G Spcc(P), which contradicts that tp(x) G U(D). 
Therefore (^^(A^i)" 1 % P" . 

Thus since (Ni) tR (Ni)~ 1 £ P for all P G Spec*(P), ((JVi)*» (A^)- 1 )* = P, 
i.e., (Ni) tR is a *-invertible *-ideal of P. Therefore, passing to the classes, [J] = 
[(AT 1 ) t »T]=^([(iV 1 )*»]). 

Claim 3. Cl ( *^ (T) = Cl ( *^ (T) (it does hold without the condition £ : U{T) -> 
k'/U(D) is surjective). 

By lA 7 ^ Theorem 2.18] and Lcmma l2~TT)l (5L Cl ( *^ (T) = CI ( *^ (T) = Cl ( *^ (T). 
Finally, since CP(P) = Cf(P) by Theorem 2.18], 0(cp,*) = /3(<£,*) and 

hence the conclusion follows. □ 



From Claim 3 in the proof of Theorem 12.131 we deduce immediately: 
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Corollary 2.14. Assume that we are dealing with a pullback diagram of type 
Then C\ {tR) T(T) = Cl {WR ^{T). 

In order to give a description of Cl*(R) by means of C\*' P (D) and Cl^*^ (T), we 
need the following result from |FG| : 

Lemma 2.15. ( |FGI Lemma 2.2 and the subsequent considerations]) Assume that 
we are dealing with a pullback diagram of type 

(1) For each H G Inv*(i?) there exist a nonzero element z in the quotient field 
of R and H' G Inv'(i?) ; with H' % M, H' C R, and H = zH' . 

(2) The map 7 : Cl ti? (i?) -> Cl tD (L>) ; [H] >-> [{ip{H')) VD }, is a well-defined 
group-homomorphism (where H' is chosen as in (I) ). 

Corollary 2.16. Assume that we are dealing with a pullback diagram of type 
Let 7 : CV R (R) -> CI {D) be as in Lemma \2.15l and let * be a star operation of 
finite type on R. Then, by restriction to Cl*(i?) (C CI R (R)), 7 defines a group- 
homomorphism 7 =: j((p, *) : CI* (R) — > Cl* v (D) . 

Proof. We want to show that j(Cl*(R)) C C\**(D) C C\ tD (D). First, recalling 
that * v < (t R ) v = t D |FPal Proposition 3.7], we have Cl* v (D) C Gl tD {D). Now let 
H be a *-invertible *-ideal of R such that H C i? and g M. Choose r £ H\ M. 
Then rff -1 C i? and rH^ 1 % M . By using the fact that <p(r)D is a divisorial ideal 
of £> and |FPaI Proposition 2.7], we have 

p(r).D = (tp(r)D)*v = (<p(rR))**> = (r (HH- 1 )*^*" 

r(Hff" 1 )*+A/\ v (r(HH- i y+M)* 
M ) = 17 

(rHH-^+M)' _ (rHHzl+M 
M — \ M 

H+M rH- 1 +M 
M M 

Hence <p(H) is * v -invertible, and so (tp(H)) VD is a * v -invertible *^-ideal of D 
(Lemma 11.21 (5)). Therefore 7 induces a homomorphism 7(93,*) : Cl*(R) — > 

cr v (L»). □ 

Theorem 2.17. Assume i/iai we are dealing with a pullback diagram of type 
Suppose that the map if : U(T) — > k*/U(D) is surjective and that * is a star 
operation of finite type on R. Then the sequence 

C\**(D) Cl*(i?) i C1 W t(T) -> 

is split exact. 

Proof. It is obvious that a is injective, since a is injective (Lemma 12 .![) . The 
surjectivity of /3 follows from Theorem |2~T51 To see that Im(a) = Ker(/3), let 
[if] G Im(a). We can assume that H = ip~ l (J) for some J G Inv* v (Z)) and so 
M C. H C T. Hence, in particular, i/T = T, because M is a maximal ideal 
of T, and thus /3([if]) = [HT] = [T]. Conversely, let [if] G Ker(/3). Without 
loss of generality, we can assume that 7? G Inv*(f?) and HT = T. Then by |FC1 
Proposition 1.1] and |A3 Proposition 3.1 (a)], M C H = H Vn C T. Moreover, 
since T is not a *-invertible (*-)ideal of f?, H VR C T. By Lemma l2~Tl if = <p~ l {J) 
for some ^-invertible * v -idcal J of f), hence if G Im(cf). Thus the sequence is 
exact. 

Lastly, by the definitions of a = a(ip, *) and 7 = j(ip, *) (Lemma 12.41 and 
Corollary ESIl , we immediately obtain that 70a : Cr*(D) -» Cl*(fJ) -► Cr*(D) 
is such that [J] h+ 7([^ _1 (J)]) = [(^(ip-^J))) 1 ' ] = [J VD ] = [J], i.e., it is the 
identity map. Therefore the above exact sequence splits. □ 



{<p(H)<p(rH- l )Y 
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Corollary 2.18. Assume that we are dealing with a pullback diagram of type 
and that the map dp : U(T) — > k m /U(D) is surjective. Then the sequence 

— > Cl tD {D) Cl tR (R) ^ C\ (tR) T(T) — > 

is split exact. 

Proof. Recall that (t R ) v = t D |FPal Proposition 3.7]. Then apply Theorem l2~T7l 

□ 

Note that, when we are dealing with a pullback diagram of type (D + ), {tR) T < tr 
(Lemma EDI (2)) and so cP r) t(T) is a subgroup of C1* T (T). In general, it can 
happen that (£_r) t S (for instance, when M is not a t^-ideal). We will show, 
moreover, that C\ {tR) T (T) can be a proper subgroup of C\ tT (T) (Remark EH- 

Corollary 2.19. Under the same notation and hypotheses of Corollaru \2.18l if we 
assume that T is quasilocal, then Cl^ tR ^ T (T) = 0. (In particular, we reobtain that 
C\ tD (D) = Cl tR (R), see Corollary WK ) 

Proof. Let J be a (i fl ) T -mvertible (t R ) T -ideal of T . Th en J = (7T) ( * b) t for some 
nonzero finitely generated fractional ideal / of R |FPil Proposition 2.6]. By the 
same argument as in Claim 1 of the proof of Theorem 12.131 we have % M. 

Therefore J J- 1 D [IT^IT)- 1 = II^T = II^Rm = R M = T, and so J is 
invertible in T . Since T is quasilocal, we conclude that J is principal. Therefore 
C1 (*R>r (T) = 0. □ 

Remark 2.20. Note that for a pullback diagram of type (D + ) with T quasilocal, it 
is quite common that Cl' T (T) is nonzero, but Im(/3) = (Corollaries l2.18l and l2.19)l . 
An explicit example can be obtained as follows. Let T := Q[X 2 , XY, Y 2 ](x 2 ,xy,y 2 )i 
M := (X 2 ,XY,Y 2 )T, thus T = Q+M, and set R := Z + M. Then, clearly T = Rm 
and M is a ^-prime of R. In this situation, the map /3 : G \ tR {R) -> Cl' T (T) = 
Cl tR « (R M ) is the zero map, while C1* T (T) is nonzero [A^Rl Proposition 2.3 and 
Example 3.4]. Therefore in this case, by Corollary Cl ( * R) r(T) ^ C1* T (T). 

From Theorem 12 . 1 71 applied to * = da, we reobtain |FC1 Theorem 2.5 (c)], since 
(rfi?,)^ = do |FPal Proposition 3.3] and (dn) T = dr- More precisely, 

Corollary 2.21. Assume that we are dealing with a pullback diagram of type 
Suppose that the map (p : U(T) — > k* /U(D) is surjective. Then Pic(i?) = Pic(£>) © 
Pic(T). □ 

Remark 2.22. Note that, in |FCI Remark 2.7], it was proved more generally that: 
Assume that we are dealing with a pullback diagram of type (□). The map (p : 
U{T) -> k'/U(D) is surjective if a nd only ifPic(R) ^ Pic(L>) © Pic(T). 
A similar result was reobtaincd in |A"Chl Theorem 3.9]. 

The next goal is to study the behavior of the property of being a Priifer star 
multiplication domain in a pullback diagram of type (□). Recall that, given a star 
operation * on an integral domain R, we say that R is a P*MD if for each nonzero 
finitely generated fractional ideal / of R, (II^ 1 )** = R (cf. for instance jF.TS| . |Cr| . 
0, IHZJ, and |HMMj L 

Theorem 2.23. Consider a pullback diagram of type (□) and let * be a star oper- 
ation on R. Then R is a P*MD if and only if k is the quotient field of D, D is a 
P* V MD, T is a P(*) MD, and Tj\/ is a valuation domain. 
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Proof. If P is a P*MD, then P is a PvMD, and hence k is the quotient field of D 
and Tm is a valuation domain by |FGI Theorem 4.1]. It is easy to see that if R is 
a P*MD, then D is a P^MD and T is a P(*) r MD. Actually to prove that T is a 
P(*) T MD, let J be a nonzero finitely generated ideal of T. Since T is P-flat, J = IT 
for some finitely generated ideal I of P. Then by Lemma ETTul (4). (J J- 1 )^*^/ 3 
(JJ- 1 )'*/^ = (JJ-iT/*^ = (H- l T)*f = ((II- 1 )*/ Tp = T*/ =T. 

Conversely, assume that fc is the quotient field of P, P is a P* V MD, T is a 
P(*) MD, and Tm is a valuation domain. Since D and T are PvMDs, R is a PwMD 
by |FGI Theorem 4.1]. Let J be a nonzero finitely generated fractional ideal of 
R. Then (II _1 )* R = R, and hence II -1 g M. To show that / is ^-invertible, 
we may assume that / is a nonzero finitely generated integral ideal of R such that 
/ % M. Since D is a P^MD, (^(I)^!)- 1 ) "* / = D. Since (^ = (* f ) v IFPal 

Proposition 3.6], (^(^^(I)" 1 )^^ = D, i.e., ((I + M)(I + M) -1 )*/ = P, which 
implies that (II- 1 + M)*f = R. Now suppose II^ 1 C P for some P £ Max*/ (P). 
Then M % P, because otherwise R = (II^ 1 + M)*/ C P*f = P. Note that 
PT e Max (( * )T) /(T) (by Claim 4 and 6 in the proof of Lemma ETTUJ. But since 
T is P-flat and T is a P(*) t MD, (IT(IT)- l ) {{ * ] ^s = (I J-i-T)^h = T, which 
contradicts that II^T C PT. Therefore i7 _1 g P for all P G Max*/(P), i.e., 
(J/- 1 )*/ = p. Thus P is a P*MD. □ 

Corollary 2.24. Consider a pullback diagram of type (□). Then R is a Pv R MD 
(= Pt R MD = Pw R MD) if and only if k is the quotient field of D, D is a PvdMD 
(= Pt D MD =Pw D MD), T is a P(v R ) T MD (= P{t R ) T MD = P(w R ) T MD), and T M 
is a valuation domain. 

Proof. We can use Theorem 12.231 and the following facts: (1) for any star operation 
* on an integral domain A, A is a P*MD if and only if A is a P*MD (FJSI Theorem 
3.1]; (2) (vr) v = vq (FPal Corollary 2.13]; (3) when k is the quotient field of 

D, ( vr) t = (^r)t = ( w r)t < (*h)t = (( v R)f) T < {( v r)tX ^ ( v r)t (Lemma 
I2tuT) . □ 

Remark 2.25. Given a star operation * on an integral domain P, recall that P is 
a P*MD if and only if P is a Pv R MD and * — t R (or, equivalently, *, = t R ) |FJS1 
Proposition 3.4]. Therefore (using Lemma fe.lUI (5) and |FPal Proposition 3.9]) the 
previous theorem can be restated as follows: Consider a pullback diagram of type 
(□) and let * be a star operation on P. Then * = t R and R is a Pv R MD if and only 
if k is the quotient field of D, * v = t D , (*) r = t T , D is a Pv D MD, T is a Pv T MD, 
and T]\j is a valuation domain. 

Lemma 2.26. Let R be a Pv R MD and let T be a flat overring of R such that 
(R:T) ^ 0. Then (w R ) T = [t R ) T = t T = w T - 

Proof. Since T is a flat overring of P, T is a subintersection of P and hence T is a 
Pv T MD IH Theorem 3.11]. Recalling the fact that w A = t A on a Pv A MD A ([0 
Theorem 2.4] or |FJSI Proposition 3.4]), it suffices to show that (t R ) T = tr- 

Note first that T is a w^-idcal of P and hence a ifj-ideal of P. Let x G T WR . 
Then xl C T for sonic finitely generated ideal I of P such that I VR = R |FL2l 
Remark 2.8]. By flatness, (IT) VT = (I VR T) VT = T, and thus x e T. 

Then (t R ) T < tT and both are star operations on T of finite type. Let J be 
a nonzero finitely generated integral ideal of T. Then J = IT for some finitely 
generated ideal I of P. By [DHLZJ Proposition 2.17], I VR T is a w T -ideal of T, and 
hence J tT = (I tR T) tT = (J"«T)* T = I VR T C (F«-T) tR = (I tR T) tR = (IT) tR = 
jt n = j(*fl) T . Thus we have [t R ) T = t T . □ 
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Corollary 2.27. Consider a pullback diagram of type (□). Then R is a PvrMD 
if and only if k is the quotient field of D, D is a PvdMD, T is a PvtMD, and Tm 
is a valuation domain. Moreover, in this situation, (wr) t = (tn) T = t t = Wt- 

Proof. The first statement is |FGI Theorem 4.1] and the "moreover" statement 
follows from Lemma T2. 2 01 □ 

References 

[A'] D. D. Anderson, Star-operations induced by overrings, Comm. Algebra 16 (1988), 

2535-2553. 

[A'A"Z] D. D. Anderson, D. F. Anderson, and M. Zafrullah, Splitting the t-class group, J. Pure 

Appl. Algebra 74 (1991), 17-37. 
[A'C] D. D. Anderson and S. J. Cook, Two star— operations and their induced lattices, Comm. 

Algebra 28 (2000), 2461-2475. 
[A"] D. F. Anderson, A general theory of class groups, Comm. Algebra 16 (1988), 805-847. 

[A"2] D. F. Anderson, The class group and the local class group of an integral domain, 

in "Non-Noetherian Commutative Ring Theory" (S. T. Chapman and S. Glaz, eds.), 

Kluwer Academic Publishers, 2000, pp. 33—55. 
[A"eBKa] D. F. Anderson, S. El Baghdadi, and S. Kabbaj, On the class group of A + XB[X] 

domains, in "Advances in Commutative Ring Theory" (D. E. Dobbs, M. Fontana, and 

S. Kabbaj, eds.), Lecture Notes Pure Appl. Math. 205, 1999, M. Dekker, New York, 

73-85. 

[A"Ch] D. F. Anderson and G. W. Chang, The class group of integral domains, J. Algebra 
264 (2003), 535-552. 

[A"D] D. F. Anderson and D. E. Dobbs, Pairs of rings with the same prime spectrum, Canad. 

J. Math. 32 (1980), 362-384. 
[A"R] D. F. Anderson and A. Ryckaert, The class group of D + M, J. Pure Appl. Algebra 

52 (1988), 199-212. 

[cB] S. El Baghdadi, On the class group of a pullback, J. Pure Appl. Algebra 169 (2002), 

159-173. 

[BS] M. P. Boisen and P. B. Sheldon, CPI— extensions: overrings of integral domains with 

special prime spectrum, Canad. J. Math. 29 (1977), 722-737. 

[B] A. Bouvier, Le groupe des classes d'un anneau integre, 107 eme Congres National des 
Societes Savantes, Brest, IV, (1982), 85-92. 

[BZ] A. Bouvier, and M. Zafrullah, On some class groups of intergral domains, Bull. Sc. 

Math. Grece 29 (1988), 45-59. 

[C] P.-J.Cahen, Couples d'anneaux partageant un ideal, Arch. Math. 51(1988), 505—514. 
[DHLZ] D. E. Dobbs, E. G. Houston, T. G. Lucas, and M. Zafrullah, t-linked overrings and 

Priifer ^-multiplication domains, Comm. Algebra 17 (11) (1989), 2835-2852. 
[F] M. Fontana, Topologically defined classes of commutative rings, Ann. Mat. Pura Appl. 

129 (1980), 331-355. 

[FH] M. Fontana and J. A. Huckaba, Localizing systems and semistar operations, "Non- 

Noetherian Commutative Ring Theory" ( S. T. Chapman and S. Glaz, eds.), Kluwer 
Academic Publishers, 2000, pp. 169-198. 

[FJS] M. Fontana, P. Jara, and E. Santos, Priifer ^-multiplication domains and semistar 

operations, J. Algebra Appl. 2 (2003), 21-50. 

[FG] M. Fontana and S. Gabelli, On the class group and the local class group of a pullback, 

J. Algebra 181 (1996), 803-835. 

[FL1] M. Fontana and K. A. Loper, Kronecker function rings: a general approach, in "Ideal 

Theoretic Methods in Commutative Algebra" ( D. D. Anderson and I. J. Papick, eds. ), 
M. Dekker Lecture Notes Pure Appl. Math. 220 (2001), 189-205. 

[FL2] M. Fontana and K. A. Loper, Nagata rings, Kronecker function rings, and related 

semistar operations, Comm. Algebra 31 (2003), 4775-4805. 

[FPa] M. Fontana and M. H. Park, Star operations and pullbacks, J. Algebra 274 (2004), 

387-421. 

[FPi] M. Fontana and G. Picozza, Semistar invertibility of integral domains, submitted. 

[Fo] R. M. Fossum, The divisor class group of a Krull domain, Springer- Verlag, New York, 

1973. 

[GaH] S. Gabelli and E. Houston, Coherentlike conditions in pullbacks, Michigan Math. J. 
44 (1997), 99-123. 

[GaR] S. Gabelli and M. Roitman, On Nagata's theorem for the class group, J. Pure Appl. 
Algebra 66 (1990), 31-42. 



ON THE STAR CLASS GROUP OF A PULLBACK 



19 



[G] R. Gilmer, Multiplicative Ideal Theory, Dekker, New York, 1972. 

[Gr] M. Griffin, Some results on u-multiplication rings, Canad. J. Math. 19 (1967), 710-721. 

[HH] J. R. Hedstrom and E. G. Houston, Some remarks on star-operations, J. Pure Appl. 

Algebra 18 (1980), 37-44. 

[HMM] E. G. Houston, S. B. Malik and J. L. Mott, Characterization of *-multiplication do- 
mains, Canad. Math. Bull. 27 (1984), 48-52. 

[K] B. G. Kang, Priifer ^-multiplication domains and the ring R[X]w , J. Algebra 123 

(1989), 151-170. 

[KhNea] M. Khalis and D. Nour El Abidine, On the class group of a pullback, in "Commutative 
Ring Theory" (P.-J. Cahen, M. Fontana, E. G. Houston and S. Kabbaj, eds.) Lecture 
Notes Pure Appl. Math. 185 , 1997, M. Dekker, New York, 377-386. 

[MSa] R. Matsuda and I. Sato, Note on star operations and semistar operations, Bull. Fac. 
Sci. Ibaraki Univ. Ser. A 28 (1996), 5-22. 

[MSu] R. Matsuda and T. Sugatani, Semistar operations on integral domains, II, Math. J. 
Toyama Univ. 18 (1995), 155-161. 

[MZ] J. L. Mott and M. Zafrullah, On Priifer ti-multiplication domains, Manuscripta Math. 

35 (1981), 1-26. 

[Nea] D. Nour El Abidine, Sur le groupe des classes d'un anneau integre, Ann. Univ. Ferrara 

36 (1990), 175-183 

[OM1] A. Okabc and R. Matsuda, Star operations and generalized integral closures, Bull. Fac. 

Sci. Ibaraki Univ. Ser. A 24 (1992), 7-13. 
[OM2] A. Okabc and R. Matsuda, Semistar operations on integral domains, Math. J. Toyama 

Univ. 17 (1994), 1-21. 

[P] M. H. Park, Group rings and semigroup rings over strong Mori domains, J. Pure Appl. 

Algebra 163 (3) (2001), 301-318. 
[S] P. Samuel, Lectures on unique factorization domains. Notes by P. Murty. Tata Institute 

for Fundamental Research, No. 30, Bombay, 1964. 
[WM] Wang Fanggui and R. L. McCasland, On ui-modules over strong Mori domains, Comm. 

Algebra 25 (1997), 1285-1306. 
[Z] M. Zafrullah, A general theory of almost factoriality, Manuscripta Math. 51 (1985), 

29-62. 

DlPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI "ROMA Tre" , 1, 

Largo San Leonardo Murialdo, 00146 Roma, Italy 
E-mail address: f ontanaOmat . uniroma3 . it 

Department of Mathematics, Chung-Ang University, Seoul 156-756, 
Korea 

E-mail address: mh/park@cau . ac . kr 



